Applying it, we show that the intersection and the cartesian product of two excellent convex sets are convex sets of the same kind. From this we get that any open (in relative topology) convex subset of an excellent convex set again is an excellent set. The function A(·,xo) has another noteworthy property: If K is closed, then A(·, x0 ) is upper semi-continuous. This has as a consequence, that if K is closed, then K is an excellent set if and only if any locally bounded above and lower semi-continuous convex function on K is continuous (Theorem 1.19 ). This equivalence needs, however, not to be true if K is not closed. We exhibit a three-dimensional example to this effect. The closed unit balls of l! and l~ are polytopes, and hence excellent sets. In the infinite dimensional case, we show that the closed unit ball of Co is an excellent convex, whereas the closed unit ball of 11 is not. In fact, if the closed unit ball of a normed space is an excellent set, then the closed unit ball of any finite dimensional subspace has to be a polytope.
It is an open problem whether the converse of this statement is true.
It follows from the fundamental result on convex functions mentioned above, that the shape of a convex set at non-interior points is decisive in securing continuity of an arbitrary given convex funtion. To the best of our knowledge, the most accurate condition in this respect is to be found in [Bo, Chap. II, §2, Ex. 29] . Described a bit vaguely, it says that a bounded above convex function admits a limit at a 'conic' point. Motivated by this result, we shall say that a convex set K is conic at a non-interior point xo if there are an open, punctured convex cone C with x 0 as vertex, and an open convex neighborhood V of x0 such that V n C = V n int K. We show in section 2 that if K is closed and conic at every non-interior point, then K is an excellent convex set.
In section 3 we study polyhedral convex sets. By definition, these are convex sets that are the intersection of an affine manifold with the intersection of a finite number of closed half spaces. Our main result in this section is that a polyhedral convex set is conic at every non-interior point.
The subject matter is section 4 is to investigate when a closed locally compact convex set K will be an excellent set. We show, for instance, that K will have this property if and only if K is a strictly (in a topological sense) increasing denumerable union of polyhedral convex sets. (Theorem 4.3).
As a corollary, we get as an extension of a classical theorem on topological vector spaces, that every closed locally compact excellent convex set is finite dimensional. Another corollary is that on such a set every convex function is upper semi-continuous. In section 5 we take up some aspects of the following problem: If K is an excellent convex set and Q is another convex set, when is it true that an affine continuous surjection c.p : K 1-+ Q is an open map? Our main tool in investigating this problem is a theorem essentially found in [Ku, v. 2, p. 63] . It says, that if K and Q are metric spaces, then a correspondence <P : Q ~---+ 2K is lower semi-continous if and only if the function 8: ]{ x Q ~--? [0, oo >: 8(x, q) 
is upper semi-continuous. If we assume that ]{ is contained in a normed vector space and that¢> is convex (see (5.2)), we can show that 8 is a convex function. Now, if]{ and Q are excellent sets, it was mentioned above that ]{ X Q is an excellent set as well. Hence, in this case 8 is upper semicontinuous if and only if 8 is locally bounded above. This gives a criterion for ¢> to be lower semi-continuous. In particular, we get a criterion for r.p to be open. A consequence of this is that r.p is always open if/{ is a bounded set (and /{ and Q are excellent sets). The same is true if we assume that /{ andQ are closed locally compact excellent sets. Finally, we show with the same method, that if /{ is an excellent set, then /{ is a stable convex set [Pa] , which means that the middle point map (a, b) ~--? ~(a+ b) is open.
Terminology and notations
A convex set is always assumed to be a non-empty subset of a real locally convex Hausdorff topological vector space, and equipped with the induced topology. More specifically, we let E and F denote real locally convex
Hausdorff topological vector spaces and we shall let /{ C E and Q C F 
The utility of the function A
We establish in the present section the general results on excellent convex sets described in the introduction.
Let /{ C E be a non-empty convex set, and let e be a point outside the linear subspace generated by the closure of/{ in E. where x1 , •.
• , Xn belong to the closure of K, an easy calculation shows that if ).0 is not uniquely determined, then e belongs to the affine manifold generated by the closure of K, thereby contradicting the choice of e.
We now fix x0 E K, and denote with II(·, x0 ), or for short II, the affine projection from K* to K which maps e into x0 and fixes every element of
(1.3)
Let a be any element in K. We define
Note that always OEI(a), and that 1EI(a) if and only if a= x0 • Lemma 1.1 Let aEK. Then 
II-1 (a) =a+ I(a)(e-xo).
(1.5) Proof Let y=Ae+(1-A)xEII-1 (a). Hence a= II(y) = AXo + (1-).)x.
Since x E K, we get ). E I( a). Furthermore, since (1-).)x =a-Ax0 , it follows that y = Ae +a-AX0 =a+ A(e-x0 )Ea + I(a) (e-x0 ) .
Assume conversely that AEI(a) and put y = a+). (e-x0 (1.6) where I( a) is given by (1.4 ). The element x 0 is said to be the center of AK (·,x0 
I(a) c [O,A(a)] c I(a).
(1.7)
Lemma 1.4 The function A is concave.
Therefore
(1.9)
Note, that since At, -\2 < 1, 
Hence A is not upper semi-continuous at (!, 0).
In the proof of the next proposition, we shall make use of the following well-known fact (see e.g. [Ku, vol. 1, p. 117 
Since a = lim xu, we conclude that a+ (..X-e)( e-x0 ) E II-1 (B).
Letting e --+ 0, we obtain the inclusion (1.15). Applying Lemma 1.1, we have therefore proved (1.14). (i) K is an excellent set.
(ii) The function A(·, x0 ) is lower semi-continuous whenever x 0 E K. Let f be a locally bounded above convex function on K. Choose Xo E K, and let V be an open convex neighborhood of x0 in E such that f is bounded above on K n V, say f(x)::; 8 < oo; x E KnV.
we have to prove that
(1.24)
Since V is open, Av( ·, x0 ) is continuous. Furthermore, since we assume AK (·,x0 ) to be lower semi-continuous at x0 , we get from (1.19) and (1.24)
By applying (1.22), we therefore get
Letting .X-+ 1, we obtain (1.23). 
Proof.
An immediate consequence of Proposition 1.7 and Theorem 1.13(ii). 0 We denote with ext K the set of extreme points of K. In addition, we denote with ext( K, x 0 ) the set of all points x E K that are extremal relative to x 0 , which means that xis not an interior point of any segment [a, xo) C
We note that
Corollary 2. If K is an excellent set, then ext K is a subset of K without accumulation points, and ext (K, x0 ) is closed relative to K whenever xoEK.
Proof If x 0 E K is an· accumulation point of ext K, then there is a net {ai}I on (extK)\{x0 } converging to x0 • Since A(ai,xo) = 0 whenever iEI,
Thus, the property (ii) of Theorem 1.13 is contradicted. Furthermore, since for any xoEK If K is an excellent compact convex set, then K is a Proof The set ext K has to be finite, and hence, by the Krein-Milman theorem, K is a polytope.
0
The proof of the next lemma is very similar to the proof of Lemma 1.14, and is therefore omitted.
13
! f.-Lemma 1.15 Assume that K 1 and K2 are non-empty convex sets. If (at, a2 ) E K 1 x K 2 and if the center of AK 1 xK 2 is ( a1 , a2 ) and the center of AK; is ai where j = 1, 2, then Proposition 1.16 Let K 1 C E and K2 C F be two excellent convex sets. Then the cartesian product K 1 X K 2 is an excellent set. Furthermore, if E = F and the intersection K 1 n K2 is non-empty, then this set is an excellent set as well.
Proof This is an immediate consequence of Lemma 1.14, Lemma 1.15 and Theorem 1.13(ii). Proof Let f be a locally bounded above convex function on P, and let a E P. It will suffice to show that there is an open convex neighborhood V of a in E such that PnV is an excellent set. Because, in that case (i) K is an excellent set.
(ii) Every locally bounded above and lower semi-continuous convex func-
Proof It is an immediate consequence of Lemma 1.5 and Theorem 1.13 that the first. three properties arc equivalent. F\uthermore, applying Corollary 2 of Theorem 1.13, we get that (i) implies (iv). And since x 0 is not a member of ext(K, x0 ), it is trivial that (v) follows from (iv). Finally, applying Lemma 1.18, we get that (v) implies that h>. (K,x0 ) is a neighborhood of x0 inK whenever x0 EK, and hence, by Theorem 1.13, the property (i) is true. O<r<-, --<u><-. The next lemma will be of use in section 4.
We are through if we can show that Problem If E is a normed space such that the closed unit ball of any finite dimensional subspace of E is a polytope, is it then true that the closed unit ball of E is an excellent set?
Convex sets that are conic at non-interior points
We introduce in the present section convex sets that are conic at noninterior points, and prove that any closed set of this kind is an excellent set. The main tool in proving this is the property stated in the Bourbaki exercise mentioned in the introduction. We state this property and, for the convenience of the reader, we supply a proof. 
(2.1)
In fact, there exists a convex U E VA(O) such that
Since 2a E U n V n C, we get from (2.3)
L2a, and where
( 1 -J. L )a and 2a belong to V n C. Hence Applying (2.4) and (2.5) we get
By a simple computation, we thus obtain We now choose 6 = 2 in the inequality (2.2). 
Hence we get from (2.2) and (2.1) 1 1
Accordingly, we obtain
Since l ( k) E Cn V, and k > 1 can be chosen arbitrarily large, this inequality contradicts the boundedness from above of f on C n V. This proves the first statement in the lemma. As for the second one, we choose an element Xo =a+ Ao(x-a)= (1-Ao)a + Aox.
Since x of a and 0 < Ao < 1, the point x belongs to the line through x0 and a. Since this line is contained in M, we get x E M. Therefore J( C Af.
D
We referred to the next proposition in the Example 1.21.
Proposition 2.10
Let J( be a convex set with intAJ{ of 0, and let P be a convex subset of I< such that intAP = intAI<. If I< is conic at every non-interior point, then so is P.
Proof Applying Lemma 2.9, we get that A is the affine manifold generated by P. Let x0 EP \ intAP. By assumption, x0 EI< \ intAI<. Choose C and V as in Definition 2.4. Hence
This shows that P is conic at every non-interior point.
0
The next proposition will be of use in section 4, in our study of locally compact excellent sets.
Proposition 2.11
If the convex set I< is the union of a sequence {Kn} of convex sets I<n such that every I<n is conic at non-interior points and satisfies (2.13) then I< is conic at non-interior points.
Proof Let A be the affine manifold generated by I<. We first want to show (2.14)
Obviously, the relation :::> is true. To prove the opposite inclusion, let In the finite dimensional case, a polyhedral convex set is defined to be the intersection of a finite number of closed half spaces (see for instance [Ro] ). However, in the infinite dimensional case, such an intersection has to be of infinite dimension. Hence a polytope, which by definition is the convex hull of finitely many points, would not be a polyhedral convex set according to this definition. In order to remedy this, we have chosen the following Definition 3.1 A convex set K C E is called a polyhedral convex set if there are an affine manifold ACE and a finite family of closed half spaces {Hi: j EN(n)} with n ~ 0 such that
Note, that by choosing n = 0, we get in particular that every affine manifold is a polyhedral set.
Proposition 3.2 Let K C E be a polytope and let M C E be an affine manifold. Then M +K is a polyhedral convex set.
Proof It is evident that the translate of a polyhedral convex set is a set of the same kind. Therefore, we can and shall assume that M is a linear subspace of E.
(i)
We first assume M = {0}. Let A be the affine manifold generated by To prove this, we use induction on m. Since J( x) !-0 for any x E K, the relation (3.2) is true when m = 1. Assume therefore that m E N is given and that the relation (3.2) is true whenever xi, ... , Xm E K.
Let Xt, •.. , Xm+I E K be given. By the induction hypothesis, we can and shall assume that these elements are all different. where I is given by (3.3).
Comment 3.5 In the formulas (3.4) and in what follows, we use the convention that the intersection of a family of subsets of E with an empty set of indices, is the set E itself.
Proof The first formula in (3.4) follows immediately from the definition of the set I. As for the second formula we have to prove that the left hand side of ( 3.4)(ii) Choose XI E unz with XI =I= Xo. Any X E l can be written
Since we assume fj constant on U, we get 
(3.9)
Since fi(x 0 ) =a;, we get
But we know that !;(a) =/:. !;( x0 ). By (3.9) we therefore get that for some
This is the desired contradi tion, since
D
We shall now study the case where intAK = 0. For that purpose the following lemma is useful. is non-empty.
Proof Assume that intAK = 0. It follows from Lemma 3.4 that for any 
(3.12)
Lemma 3. 7 With K as above, the following formula is valid (3.13) then (3.12) shows that K = r(A), and so (3.13)
is valid. We can therefore assume 0 =f N ( n) \ (I U J). Therefore, if we use Lemma 3.4 with K represented as in (3.12), we get that the corresponding I-set is empty. Hence (3.13) follows from the formula (3.4)(ii). 
Proposition 3.9 If K is a polyhedral convex set, then K is conic at every non-interior point.
Proof By the formula (3.12), Lemma 3.7 and Lemma 3.8, we can assume, with a slight change of notation, that (3.14) and (3.15)
It follows, as in Comment 2.4, that A has to be the affine manifold generated by K. We have to show that z+ c C(x0 ). Of course, z+ cA. Therefore, let j E J(x0 ).
There exist an fi with fi =/= 0 and a real number aj such that
Hi= fT 1 (<aj,oo>) and Hi\ Hi= fT 1 (aj)· Let t > 0. Then
Hence z+ CHi· This proves the claim. Define
is a convex set, open relative to A, and x0 E V(x0 ). By (3.15) and the definitions of C(x0 ) and V(xo) we get
This proves that I< is conic at x0 • D Combining Proposition 3.9 with Corollary 2.7, we get the following Corollary 3.10 A closed polyhedral convex set is an excellent convex set.
In the next section we shall have need of the following extension of Proposition 3.9
Proposition 3.11 Let I< be a convex set such that
where { Kn} is a sequence of polyhedral convex sets with the property Then K is conic at non-interior points.
Proof Use Proposition 3.9 and Proposition 2.11.
D 4 Locally compact excellent convex sets
We have proved in the preceding section that if the convex set I< is the union of a strictly increasing family of polyhedral convex sets, as in Proposition 3.11, then I< is conic at non-interior points. FUrthermore, it was shown in section 2 that any closed convex set of the latter kind is an excellent set.
The main objective of the present section is to prove that if I< is closed and locally compact, then these three properties are indeed equivalent. A corollary of this characterization is that every closed locally compact excellent set is finite dimensional. This is an extension of the classical theorem that every locally compact topological vector space is finite dimensional, a theorem we shall make use of in the proof. Otherwise, our main analytical tool will be a theorem of V.L. Klee [Kl] stating that if I< is a closed locally compact convex set containing no line, then there is a closed half space H such that KnH is compact.
Recall that ext I< denotes the set of extreme points of I<. Proof Let a E N n K, and let as in section 1
We are finished if we can prove
Of course, the relation :J is valid. Therefore, let .X E /(a). If .X = 1, then a= x0 and the right hand side of (4.6) equals [0, 1). We shall therefore assume .X f. 35, Theorem 4.3 Let K C E be a closed convex set. Consider the following five properties P(1 ), ... ,P(5).
P (1) There is a continuous affine function f on E such that is a polyhedral convex set whenever n EN.
P(2) There are a finite dimensional affine manifold Manda sequence of polytopes { Pn} such that and P(3) There is a sequence of polyhedral convex sets {Kn} such that and P( 4) I< is conic at non-interior points.
P ( 5) I< is an excellent set.
Then P(1) =>P(3), P(2) =>P(3), P(3) =>P( 4) and P( 4) =>P(5). Furthermore, if I< in addition is locally compact, then all five properties are equivalent.
Proof P(1) =>P(3). Putting Kn = I<nf-1 ( <-oo, n]), we get
and since the middle term is an open subset of K, P(3) follows.
P(2) =>P(3).
P(3) =>P( 4).
P( 4) =>P(5).
Use Proposition 3.2 Use Proposition 3.11.
Use Corollary 2.7.
It remains to prove, that if I< is locally compact, then P(5) implies both P(1) and P(2 
(4.9)
Since Pn and KnNng-1 (n) are compact subsets of KnN, it follows from Lemma 1.22 that both of the sets on the righthand side of ( 4.9) are finite.
Hence Pn is a polytope. Let T be the continuous projection as given in It follows from Proposition 3.2 that the left hand side of ( 4.10) is a polyhedral convex set. This proves P(1 ). Furthermore, as in the proof of P(1) =*(P(3), we get (4.11) Finally, using (4.10) , it follows that
This proves P(2). In the general case, choose a0 E K and let K' = K-a0 • Thus 0 E K', and K' is a closed locally compact excellent convex set. By the first part of the proof there are a finite dimensional linear space L, a continuous linear functional fo on E and a sequence { Pn} of polytopes such
Then f is an affine continuous function, and M is a finite dimensional affine manifold. Furthermore, from (4.12) we get without difficulty
As in the preceding part of the proof, it follows that P(1) and P (2) The next lemma can be found in [Ku, v. 2, p. 63, Th. 3) . Actually, it is assumed in this theorem that the metric spaces are compact, but the proof works without this assumption. Proof Let j = 1,2 and let aj E K, qi E Q, Xj E <f>(qi) Proposition 5.9 Let P be any non-empty convex set in a locally convex Hausdorff topological vector space, let K be an excellent convex set, and assume that the continuous affine surjection is closed (that is cp(A) is closed in P whenever A is closed in K).
Then cp is open, and hence P itself is an excellent convex set.
Proof It follows by general topology that cp is open if and only if the correspondence ¢>: K f-+ 2K: ¢>(x) = cp-1 (cp(x)); xEK is lower semi-continuous. It is easy to sec that ¢> is convex. FUrthermore, since x E ¢>(x) whenever x E K, it follows immediately that the condition (#)of Theorem 5.4 is fulfilled. Finally, applying Proposition 1.12, we get that Pis an excellent convex set.
0
Proposition 5.10 Any excellent convex set K contained in a normed vector space is a stable convex set.
Proof We have to prove that the middle point map
is open. Since m is a continuous affine surjection, and I<xi< is excellent, it suffices to show that the condition(*) of Corollary 5.5 is satisfied. But this is easy. In fact, let Xn-+Xo on K. Hence (xn, x0 ) , and therefore the sequence { ( Xn, Xn)} is bounded. Since m( Xn, Xn) = Xn, we are through. 
